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i f{t)dt. The mean-ergodic theorem states that o In this setting, the main theorem of this paper states a much stronger type of convergence; namely, that for any bounded linear operator T from C(X) into a Banach space Y such that the generating function for T is continuous at 0 and 1, it is true that
In general one cannot expect much in the way of further relaxations on the operators Γ, i.e., on the functions which generate such operators. For example if the condition of continuity at 1 is removed, then this allows a generating function K(t) = 0 for ί < 1, K(l) = 1 and this generates the Hausdorff method corresponding to ordinary convergence. In general the sequence {V k >x} does not converge. A nice presentation of the mean ergodic theorem as stated above is to be found in Lorch [2, pp. [a, b] .
Proof of the lemma.
for fc = 0,1,2, ...,
The proof presented here is incorrect. See part 2 for a corrected proof.
AN EXTENDED FORM OF THE MEAN-ERGODIC THEOREM
where 0<α^ί^6<l, and hence 541 t *=o Let f n (x 9 1) be given by
and CM by
where I? % denotes the ^-th Bernstein polynomial. The above inequality may now be written and the second term converges uniformly to zero for t e [α, b] . The first term is treated as follows. By a direct calculation it can be shown that for each xe [Q, b] , the collection {f n (x,t)} is equiuniformly continuous in t for t e [0, 6] , that is to say, if e > 0, then there exists δ > 0 such that \f n (x, s) -f n (x, t) \ < ε/2 for all s, ί e [0, b] such that I s -t \ < δ and for all n.
Consider a fixed t e [0, 6] and set A -{k: \k/n -t \ < δ} and B = {0,1, ...,w} -A. Then Set Q = maXo Sί , β^6 /«(ίc, ί) for w = 0,1, 2, and the second term can be treated as follows: ΣB which, as is well known, converges uniformly to zero for t e [0,1]. Hence, there exists an integer N o such that Σ 5 < ε/2 for n > N o and further such that | BJf n (x, t)] -f n (x, t)\<e for n > JV 0> both inequalities holding uniformly for 0 ^ t ^ b. Collecting all these items together yields
uniformly for ίe [α, 6] , and hence || A n (t) \\ s ->0 uniformly on [α, b] .
Proof of the theorem. Let
Since N, R is a complementary pair in X, it is sufficient to investigate the behavior of T n on each of these sets.
Suppose feN, i.e., Vf = f, then It is necessary to regard the norms on the right as 7** norms because these integrals may exist only as elements in Y** and not as elements in Y (see the remarks following Theorem 1 [3, p. 950].)
Since K is assumed continuous at t = 0 and t = 1, there are values for a and b sufficiently near, but distinct from 0 and 1 respectively, such that each of W o a K and W\K less than ε/8M[l + ||^||], With these values of a and 6, there is n sufficiently large, by the above lemma, that
Collecting all this together yields It has been pointed out that the proof of the lemma given above is incorrect. It can be corrected in the following manner. As given,
Proceed as follows. For Σ £ Σ(
For keB t ,
( Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, double spaced with large margins. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts, in duplicate if possible, may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens, University of California, Los Angeles, California 90024.
Each author of each article receives 50 reprints free of charge; additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual faculty members of supporting institutions and to individual members of the American Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.
